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ABSTRACT. We study the asymptotic behavior of a class of non-autonomous
non-local fractional stochastic parabolic equation driven by multiplicative white
noise on the entire space R™. We first prove the pathwise well-posedness of the
equation and define a continuous non-autonomous cocycle in L?(R™). We then
prove the existence and uniqueness of tempered pullback attractors for the co-
cycle under certain dissipative conditions. The periodicity of the tempered at-
tractors is also proved when the deterministic non-autonomous external terms
are periodic in time. The pullback asymptotic compactness of the cocycle in
L2%(R™) is established by the uniform estimates on the tails of solutions for
sufficiently large space and time variables.

1. Introduction. This paper is concerned with the asymptotic behavior of solu-
tions of the following non-autonomous, non-local, fractional stochastic equations on
R™:

d
%;L (=AYu+ u= f(t,z,u) + g(t,z) + auo d—vz/, zeR™ t>71, (1.1)
with initial condition
u(r, ) = u (), x€R™, (1.2)

where \ and « are positive constants, g € L7 (R, L*(R")), W is a two-sided real-
valued Wiener process on a probability space, and f: R x R® x R — R is a smooth
nonlinearity. Note that the stochastic equation (1.1) is understood in the sense of
Stratonovich’s integration.

The operator (—A)?® is referred to as the fractional Laplacian with s € (0,1).
The differential equations involving the fractional Laplacian have a wide range of
applications in physics, biology, chemistry and other fields of science, see [1, 25,
29, 30, 31, 33, 36]. The solutions of fractional deterministic equations have been
studied in many publications, see [1, 7, 18, 21, 25, 29, 30, 31, 33, 36, 38, 41, 42, 44,
46, 47], and the references therein. The goal of the present paper is to investigate
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the existence of solutions and the existence of random attractors of the fractional
stochastic parabolic equation (1.1)-(1.2).

It is worth mentioning that the random attractors of stochastic equations with
the standard Laplace operator (i.e., s = 1) have already been examined by many
authors. In this respect, the reader is referred to [4, 5, 6, 8, 9, 10, 11, 12, 14, 15,
16, 17, 20, 22, 23, 24, 26, 32, 34, 43, 45, 48, 50, 51] for the autonomous stochastic
equations, and to [2, 13, 19, 27, 28, 35, 52, 53] for the non-autonomous stochastic
ones. In the contrast, there are only a few papers in the literature dealing with
the existence of random attractors for fractional stochastic equations [38, 39, 40,
54]. More precisely, the authors of [38, 39, 40] discussed the existence of random
attractors for stochastic equations involving (—A)® with s € (%, 1), and the author
of [54] proved the existence of such attractors for parabolic equations with s € (0,1)
defined in bounded domains. There is no result available in the literature for the
existence of random attractors for the fractional stochastic equation (1.1) with s €
(0,1) in the unbounded domains, including the whole space R™. The purpose of
the present paper is to close this gap and prove problem (1.1)-(1.2) has a unique
tempered pullback random attractor for all s € (0,1) in L?(R"™).

The main difficulty of this paper lies in the non-compactness of Sobolev em-
bedding H*(R") < L?(R") with s > 0 due to the unboundedness of R", which
introduces a major obstacle for establishing the pullback asymptotic compactness
of the solution operator. We overcome this difficulty by using the method of uni-
form estimates on the tails of solutions [49]. More precisely, for every € > 0, we
show that there exists a large open ball Ok in R™ with center at origin and radius
K > 0 such that the solutions are uniformly less than e in L?(R"\ Ok) when time
is sufficiently large. Since Ok is bounded and the embedding H*(Of) — L?(Ok)
is compact with s > 0, by the uniform estimates, we can prove that the solutions
are compact in L?(Og). Consequently, the solutions are covered by a finite number
of open balls in L?(Ok) with radii less than 1e. This along with the uniform tail-
estimates implies that the solutions are covered by a finite number of open balls in
L?(R™) with radii less than ¢, and hence the solutions are asymptotically compact
in L?(R"), see Lemma 5.4 for more details. Compared with the equations with
standard Laplace operator, the uniform estimates on the tails of solutions are much
more involved because of the non-local nature of the fractional Laplace operator
(—=A)?®, see Lemma 4.4 in Section 4.

The rest of the paper is organized as follows. In Section 2, we review some
basic results on the existence of random attractors for non-autonomous random
dynamical systems. In Section 3, we prove the pathwise well-posedness of problem
(1.1)-(1.2) in L?(R™) and define a continuous non-autonomous cocycle over a metric
dynamical system. The uniform estimates of solutions are contained in Section 4,
and the proof of existence of tempered random attractors is given in Section 5.

2. Preliminaries. In this section, we briefly review some notations and results for
non-autonomous random dynamical systems for the sake of readers’ convenience.
We assume that (2, F,P) is a probability space, and (X, d) is a separable metric
space. We use d(A, B) to denote the Hausdorff semi-distance for nonempty subsets
A and B of X.

Definition 2.1. Let (Q, F,P, (6;)tcr) be a metric dynamical systems. A mapping
®:RT xR xQxX — X is called a continuous cocycle on X over (2, F,P, (6;)icr)
if forall T € R, w € Q and t,s € RT, the following conditions are satisfied:
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(i) ®(,7) :RT x Q2 x X - X is a (BR') x F x B(X), B(X))-measurable
mapping;

(ii) ®(0,7,w,-) is the identity on X;
(i) ®(t+ s, 7yw,) = P(t, 7+ 8,05w,-) 0 (s, 7,w,+);
(iv) ®(t,7,w,-): X — X is continuous.

In addition, if there exists a positive number 7" such that for every t € R™, 7 € R
and w € ),

(I)(t7 T+ Ta w, ) = (I)(tr T, W, ')7

then @ is called a continuous periodic cocycle on X with periodic T

Definition 2.2. Let D be a collection of some families of nonempty subsets of X.
Then @ is said to be D-pullback asymptotically compact in X if for all 7 € R, w €
and any sequences t,, = +00, &, € D(7 — t,,0_t, w), the sequence

{P(tn, T — tn, 0+, w,Tn)}o2; has a convergent subsequence in X.

Definition 2.3. Let D be a collection of some families of nonempty subsets of X
and A= {A(T,w) : 7 € Ryw € Q} € D. Then A is called a D-pullback attractor of
® if the following conditions are satisfied:

(i) A is measurable and A(7,w) is compact for all 7 € R and w € €;
(ii) A is invariant, that is, for every 7 € R and w € Q,

O(t, 1w, A(T,w)) = A(T +t,0,w), t>0;
(iii) A attracts every member of D, that is, given B € D, 7 € R and w €
tlinolo d(®(t, 7 —t,0_4w, B(t —t,0_w)), A(T,w)) = 0.
In addition, if there exists 7' > 0 such that
Al +T,w) = A(T,w), VTER, weQ,
then we say A is periodic with period T'.

The following results can be found in [52, 53] (see also [16, 17, 45] for related
results).

Proposition 2.4. Let D be an inclusion-closed collection of some families of
nonempty subsets of X, and ® be a continuous cocycle on X over (Q, F,P, (0;)tcr)-
If ® is D-pullback asymptotically compact in X and has a closed measurable D-
pullback absorbing set K in D, then ® has a D-pullback attractor A in D. The
D-pullback attractor A is unique and is given by, for each 7 € R and w € Q,

A(T,w) = ﬂ U O(t, 7 —t,0_1w, K(T — t,0_w)).

r>0t>r

For the periodicity of D-pullback attractors, we have the following proposition
from [52].

Proposition 2.5. Let D be an inclusion-closed collection of some families of
nonempty subsets of X. Suppose ® is a continuous periodic cocycle with period
T >0 on X over (Q,F,P,(0:)icr). If © is D-pullback asymptotically compact in X
and has a closed measurable T-periodic D-pullback absorbing set K in D, then ®
has a unique T-periodic D-pullback attractor A in D.
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Next, we recall some notations related to the fractional derivatives and fractional
Sobolev spaces. Given 0 < s < 1, the fractional Laplace operator (—A)® is defined
by

(—A)*u(z) = —%C(n,s) /n uoty) +Z|(f+;qy) = 2ulz) dy, =€R",

provided the integral exists, where C(n,s) is a positive constant depending on n
and s as given by

—1
C(na 5) = </n Wdf) ) 5 = (517527 T 7£n) € R". (21)

It follows from [18] that
(=8)u=F (| (Fu), R,

where F is the Fourier transform. Let H®(R™) be the fractional Sobolev space
defined by

S n 'n, |2
H(R)—{UELQR // |:v— ‘n+25ddy<oo
with norm

1

2 2
2 y)|

|| s gy = dac+// ddy) .
Il e <~/]R n Jrn Ix—y\“%

Throughout this paper, we denote the norm and the inner product of L?(R") by
I - 1] and (-, ), respectively. For convenience, the Gagliardo semi-norm of H*(R™) is
denoted | - || za (gny 1-€.,

|2 S n
el ey = // |x—y|”+2s o e dedy,  u e H(R").

We also use the notation

(u,v) Hs(Rn) = / / |:v = )(Z(é)s_ U(y))dxdy, u, v € H*(R™).

Then for all uw € H*(R™) we have ||u||HS(Rn llul|® + [|ul|%
is a Hilbert space with inner product given by

o (@) . Note that H*(R™)

(u,0) s (mny = (u,v) + (u,v)Hs(Rn), u, v € H¥(R™).
By [18], we have

s 1
[(=A)zu|? = iC(n,s)Hqu for all we H*(R"),

s(Rn)?

and hence

2 =2 S n
ey = Il + gy (-2 Eul®,  for al e HY(R).

This implies that <Hu||2 + ||(—A)%u||2> ® is an equivalent norm of H*(R™).
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3. Cocycles. In this section, we establish the existence of a continuous cocycle for
the following non-autonomous fractional stochastic equation with s € (0,1):

d
@—l—(—A)Su—|—/\uzf(t,x,u)+g(t,3:)+auO—W, zeR™ t>71, (3.1)

ot dt
with initial condition
u(r,x) =ur(r), xR, (3.2)
where )\ and « are positive constants, g € LZ2OC(JR7 R™), W is a two-sided real-valued

Wiener process on a probability space. The nonlinearity f : R x R" x R - R is a
continuous function which satisfies, for all t,u € R and x € R",

Stz u)u < =Blul” + i (¢, z),
|f (82, u)] < ot 2)ulP ™ + st @),
0
aTJ:(t’ z,u) < Pa(t, @), (3.5)
where 5 > 0 and p > 2 are constants,
wl € Llloc(Ra Ll(Rn))a 1/)237/14 € L?:c(]Ra LOO(Rn))a 1/}3 € LEIOC(Rv Lq(Rn))
with © + ¢ =1.

Let (Q,F, P) be the standard probability space where @ = {w € C(R,R) :
w(0) = 0}, F is the Borel o-algebra induced by the compact-open topology of €,
and P is the Wiener measure on (2, F). Denote by 6; : @ — Q the transformation

Orw(-) =w(-+1t) —w(t), well
Then (2, F, P, {0;}:cr) is a metric dynamical system. Consider the one-dimensional
stochastic equation:
dy + ydt = dW.
It follows from [3] that this equation has a unique stationary solution y(t) = z(6;w)
where z : ) — R is a random variable given by z(w) = — f?oo e"w(r)dr for w € Q.
Moreover, there exists a 6;-invariant set of full measure Qg such that z(6;w) is
pathwise continuous for every w € g and
0 I
lim |2(6:)] =0 and lim 7/ z(Bw)dt = 0. (3.6)
0

t—+oo |t| t—too t

For convenience, in the sequel, we will not distinguish €y and 2 and use the same
notation € for both €y and .

For our purpose, we need to convert the stochastic equation (3.1) into a deter-
ministic one parametrized by w € . To that end, we introduce a new variable
v=v(t,T,w,v;) by

v(t, T w,vp) = e Oyt 1w uy)  with vy = e @ 0@y (3.7)
where 7 € R is a deterministic initial time, ¢ > 7, w € Q, u, € L*(R"), and
u = u(t, 7,w,u,) is a solution of (3.1)-(3.2). Then we find that for ¢ > 7,

d
—U+(7A)Sv+)\v = az(Byw)v4e 0@ f (¢ g e Ow)y) p o=@z Ow) g4 4y € R™,

dt
(3.8)
with initial condition
v(r,z) = v (x), x€R"™ (3.9)
To define a continuous cocycle for the fractional stochastic equation (3.1), we
first need to prove the existence and uniqueness of solutions of problem (3.8)-(3.9).
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By a solution v of (3.8)-(3.9), we mean v satisfies the equation in the following
sense.

Definition 3.1. Given 7 € R, w € Q and v, € L?(R"), a continuous func-
tion v(-,7,w,v,): [r,00) — L?(R") is called a solution of problem (3.8)-(3.9) if
(7, T,w,v;) = v, and

v € Li,((r,00), H*(R")) [\ Lf,,.((7,00), LP (R™)),

d
= € L((7,00), H™*(R")) + L, ((r,00), L(R™)),
and v satisfies, for every £ € H*(R™) ﬂ LP(R")
- < ,6)+ C (n,s / /n Irc . L(i@_ 0D gy + A(w, )

= az(0iw) (v, €)+e~0% ) [ f(t 3, 02Oy (3)dp e~ O) / ot 2)€(x)dz

Rn n
(3.10)
in the sense of distribution on (7, 00).

To prove the existence of solutions of (3.8)-(3.9) in the sense of Definition 3.1, we
will approximate the entire space R™ by a bounded domain O = {x € R" : |z| < k}
and then take the limit as k& — oco. Let p : [0,00) — R be a smooth function such
that 0 < p(s) <1 forall 0 < s < oo and

1
p(s)=1 for 0<s< 3 and p(s) =0 for s> 1. (3.11)
Consider the following non-autonomous fractional equation on O:

dvk
+ (=A%, + Mg =az(Opw)vy, + e~ 509 (3 3 e@2(01)y
—r T (FA) v+ dop =az(bw)v I k) (3.12)

+e 0t ), xe O, t>T
with boundary condition
vp(t,z) =0, € R"\ O, t >, (3.13)

and initial condition

(T, ) = (|k> ve(z), T €Oy, (3.14)

where v, € L?(R"). Note that in the boundary condition (3.13), we require vy = 0
on the complement of Oy (i.e., on R™ \ Of), not just on the boundary of O.
This boundary condition is consistent with the definition of the non-local fractional
operator (—A)®. To present the existence of solutions of problem (3.12)-(3.14), for
every k € N, we set H, = {v € L>(R") : v = 0 a.e. for |[x| > k} and V}, = {v €
H*(R"): v=0a.e. for |z| > k}. The dual space of V} is denoted V.

Let a: H5(R™) x HS(R”) — R be a bilinear form given by, for vy,vy € H*(R"),

a(vy,vg) = Moy, ve) + C (n,s /n /n vz 77; z))(|n2+(2s) UQ(y))dmdy.
(3.15)

By using the bilinear form a, we define A: H*(R"™) — H~*(R"™) by
(A(v1),v2) (= ey = a(vi,ve) for all vy, ve € H*(R™), (3.16)
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where (-, )z g+) is the duality pairing of H—*(R") and H*(R"). Since Hy and
Vj. are subspaces of L?(R™) and H*(R"), respectively, we find that a : Vj, x Vj, = R
and A: Vi, — V7 are well defined. Indeed, we have

(A(v1),v2) (v vi) = a(vi,v2)  for all vy, vp € Vi,

where (-, ) (v v;) is the duality pairing of V;* and Vj. Under conditions (3.3)-(3.5),
it follows from [54] that for every 7 € R, w € Q and v, € L*(R"), problem (3.12)-
(3.14) has a unique solution v; in the sense that vg(-, 7,w,v;): [r,00) = Hj is
continuous, v (7, 7, w, v, )(x) = p(%)vT(x) and

0k € Lu((7.00), Vi) () Lhyel(m, 00). LV (BY)),

d'U * n
7 € Liool(7,00). Vi0) + L, ((7,00), L1(R™)),

and vy, satisfies, for every & € Vi, [ LP(R™),
%(%5) n %C(”,S)/n /n (v () —Zk(y))(f(ﬂf) —E0) gy + Awn, €)

y‘n+25

= az(0;w) (vy, &) + e~ =) f(t,z, e Oy V¢ (x)da (3.17)
Ok

-ﬁ-e*az(e“")/o g(t, z)&(x)dx

in the sense of distribution on (7,00). Next, we derive uniform estimates of the
solution vy with respect to k& € N and prove the existence of solutions of (3.8)-(3.9)
by taking the limit of v when k — oco.

Theorem 3.2. Suppose (3.3)-(3.5) hold. Then for every 7 € R, w € Q and
v, € L2R™), problem (3.8)-(3.9) has a unique solution v(t,T,w,v,) in the sense
of Definition 3.1. This solution is (F,B(L*(R™)))-measurable in w and continuous
in initial data v, in L2(R™). Moreover, the solution v satisfies the energy equation:

d
St T w07 + Cln, s)[oll 7. + 27 |lv]f?
= 2az(0w)||v]|? + 2e~*(0:) / f(t, z, e Oy pde + 2e~*(0w) / g(t, x)vdx
R™ n
(3.18)

for almost all t > T.

Proof. The proof is similar to the case of bounded domains as in [54]. Of course,
for problem (3.8)-(3.9) defined on the unbounded domain R"™, we must show that
all estimates on the solutions of (3.12)-(3.14) are uniform with respect to all k € N.

Step (i). Uniform estimates of solutions of (3.12)-(3.14). By (3.12) we obtain
1d ’
5@/ |Uk(a?)|2dw—|—/ Uk(x)(_A)éUk(x)dx—i—)\/ log () [2da
Ok

Ok ok

= az(fw) / g (2)|2da 4 e~ *(0s) f(t, 2, ey Vo d
Oy, Oy

+e—az(9tw)/ g(t, x)vg(x)dx.
Ok
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By the boundary condition (3.13), all above integrals over the bounded domain Oy
can be replaced by that over the entire space R™, and hence we get

1 d —z w oz w
5 dt”vk“ + a(vg, vg) = az(0w)||vg||* + e (0ew) ft,z e (0 )vk)vkda:
Rn

+ e O (g(8), o). (3.19)
By (3.3), the nonlinear term in (3.19) satisfies

e—az(Qtw) f(tJU, eozz(etw),uk)vkdx S _ Be(p—Q)ozz(Qtw) / ‘U]g‘pd.lf
R’!L

n

(3.20)

+ e 202(0w) U1 (t, z)dx
R7Z

It follows from (3.15) and (3.19)-(3.20) that for every k € N,
d —2)az(0iw
%||Uk“2+2)‘”vk”2 +C(n7s)||vk||ZHS(Rn) +2Be(p 2)az(6 )Hvk”iP(Rn)

< (1+ 202(0)) o] + 2672250 [y (1) 11y + €250 ()P, (3.21)
By (3.21) and (3.16) we see that for every fixed w € Q@ and T" > 0, {vi}°, is
bounded in

L®(r, 7+ T, L2R™) (L2 (7, 7+ T; H*R™) (| LP (7,7 + T; LP(R™))  (3.22)

and
{A(vp)}¥32, is bounded in L*(r,7 + T; H™*(R™)). (3.23)
By (3.4) and (3. 22) one can verify that
{f(t,-, ey} s bounded in LI(r,7 + T; LY(R™)). (3.24)
As a consequence of (3.12) and (3.23)-(3.24) we find that for each fixed K € N,
{d;tk} is bounded in LY(r,7 + T; (Vi ﬂ LP(R™))"). (3.25)
k=1

Note that 1 < ¢ < 2 since p > 2 and p and ¢q are conjugate exponents.

Step (ii). Existence of solutions of problem (3.8)-(3.9). By a diagonal process,
from (3.22)-(3.24), we find that there exists v € L?(R"),

v e L®(r, 7+ T; L*(R™) (L2 (7,7 + T; H*(R™) | L7 (7, 7 + T; LP (R™))
and x € LY(r,7 + T; LY(R™)) such that, up to a subsequence,

v, — v weak-star in L*°(7,7 + T; L*(R")), (3.26)
vg — v weakly in  L?(7,7 + T; H*(R™)) and in LP(7,7 + T; LP(R™)),  (3.27)
f(t,-, ey 5 x weakly in LI(r, 7 + T; LY(R™)), (3.28)
d dv
% — = weakly in L9(r,7 +T; (Ve [\ LP(R™)"), VK €N, (3.29)
and
op(T +T,7,w) = T weakly in L*(R™). (3.30)

Note that the embedding H*(Of) < L?(Of) is compact. Note also that L?(Of)
— (Vi (N LP(R™))* is continuous. Then by (3.22), (3.25) and the compactness result
in [37], after an appropriate diagonal process we find that, up to a subsequence,

v, — v strongly in L*(7,7 + T; L*(Ok)), VK €N. (3.31)
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By (3.31) and a diagonal process again, there exists a further subsequence (which
is still denoted by {vr}72,) such that

vy — v for almost every (¢,x) € (7,7 +T) x R". (3.32)
Since f is continuous, by (3.32) we get

f(t, 2, ey ) — f(t, 2, e**“)y)  for almost every (t,z) € (1,7 + T) x R".
(3.33)
By (3.24) and (3.33) we infer from Mazur’s lemma that

f(t,-, e O y) 5 f(t,-, e O@y)  weakly in LI(7,7 + T; LY(R™)).  (3.34)
It follows from (3.28) and (3.34) that
x = f(t,-,e*0w)y), (3.35)
Now, given £ € H*(R™) (| L?(R™), denote by

(o) = o 2

By simple computations, one can verify that for each K € N, £ € H*(R™) () LP(R™)
and

)(x) for all z € R™

€k — & in HYR™) [ LP(R™). (3.36)

For every k > K and ¢ € C§°(r,7+ T, by (3.12)-(3.13) we obtain
T+T

T+T
- / (on €)' dt + / a(vp, Ex )t

T

T+T T+T
:a/ Z(Gtw)(vk,fK)¢dt+/ efaz(atw)(f(t’.’eaz(etw)vk%gK)(Lq,Lp)gbdt

T+T
+ / e 0 (g €1 ) pdt. (3.37)

Taking the limit of (3) as k — oo, by (3.26)-(3.28) and (3.35) we get

T+T T+T
- / (0, £x)¢/dt + / a(v, 5 )it

T

T+T T+T
_ a/ 2(0,w) (v, Ex )t + / e~z (0rw) (f(t,-, 6az(9tw)v)’ SK)(LQ,LP)QSdt

T+T
+ / e (g £ )bt (3.38)

Taking the limit of (3.38) as K — oo, by (3.36) we find for all £ € H*(R™) () LP(R"),

T+T T+T
- / (0, €)' dt + / a(v,€)édt

T+T T+T
=« / 2(0w) (v, &) pdt + / e O (F(t, -, e** O )) &) (Lo poypdt

T+T
- / em =) (g &),
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and hence we obtain for all £ € H*(R™) (| L?(R"™),

(
%(’U, §) +a(v,§) =az(bw) (v, §) + e 070w (f(t.- eaz(atw)v)’ 5)(L‘77Lp)
oo (g )

in the sense of distribution on (7,7 + 7).

To prove the continuity of v : [r,00) — L?(R"), we notice that v € L?(r,7 +
T; H¥(R™)) N L? (7,7 + T; LP(R™)) and ’f;t’ € L3(r,7 + T; H-*(R")) + Li(1,7 +
T; L(R™)) by (3.27) and (3.29), respectively. Then by the argument of [37] we
infer that v € C([T 7+ T, L*(R"™)) and

1d
2dtH v||? = (dt’ V) (H-s41a,H: 1) for almost every t€ (r,7+T).  (3.40)

(3.39)

It follows from (3.39) and (3.40) that
||UH2 +a(v,v) =az(0w) (v, 0) + e FOD(f(t, -, O 0) 0) 1)

+ e—az(étw) (g’ U),

which yields the desired energy equation (3.18).

In what follows, we show v(7) = v, and v(r + T) = v. To that end, we take
¢ € CY([r,7 + T]) and & € H*(R™) () LP(R™). Similar to (3), by (3.12)-(3.14) we
get, for every k > K|

2 dt (3.41)

T+T

T+T
0k (4T, £1)(+T) = (0u(7), € )(7) = / (o, £x0) ' — / a(vop, 5 )bt
T+T T+T
+ o / 2(0:0) (v, k)t + / e O (f(t, ey ) €4) pa Loy pit

T+T
+/ e~ 0 (g €1 )pdt. (3.42)
As before, by (3.14), (3.26)-(3.28), (3.30) and (3.35) we obtain from (3) that, as
k — oo,
T+T T+T
B6)olr + 1)~ (oo = [ )it — [ alv.guc)ou

T+T

T+T
+o / 2(0,0) (v, Ex )bt + / e 2O (f(t, -, e )) €4) (1 Loy dt

T+T
+ / =0 (g, €k ) gt
As K — oo in the above equality, by (3.36) we find that for all ¢ € H*(R™) [ LP(R"™),

T+T T+T
(3.6)6(r +T) — (vr,)6() = / (0, )¢/ dt / a(v,€)gdt

T T

T+T T+T
+Oz/ 2(Oyw) (v, ©)pdt + / 6faz(9tw)(f(t’ . eo‘z(etW)U),f)(Lng)(ﬁdt

T+T
+ / e 0w (g &), (3.43)

On the other hand, by (3.39) we find that the right-hand side of the equality (3.43)
is given by
(T +T),)(r +T) = (v(7),§)b(7)
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and hence we get

(T + 1), (1 +T) = (v(7), (1) = (0,8)¢(1 + T) = (v, (7). (3.44)

By choosing ¢ € C([r, 7+ T]) with ¢(7) =1 and ¢(7 +T) = 0, we get from (3.44)
that for all £ € H*(R™) [ LP(R™),

(v(7),€) = (vr, ). (3.45)

Similarly, by choosing ¢ € C*([r,7 + T]) with ¢(7) = 0 and ¢(7 +T) = 1, we get
from (3.44) that for all & € H*(R™) [ LP(R"),

(w(it+1T),8) = (v,8). (3.46)
By (3.45)-(3.46) we obtain
v(r)=v, and v(r+T)=7 in L*R"), (3.47)
which along with (3.30) implies that
(T + T, 7,w) = v(r +T) weakly in L*(R"). (3.48)

Similar to (3.48), one can verify that for every t > 7, as k — oo,
v (t, T,w) — v(t) weakly in L*(R™). (3.49)

Note that (3.39) and (3.47) indicate that v is a solution of problem (3.8)-(3.9)
in the sense of Definition 3.1, and (3.41) shows that v satisfies the energy equation
(3.18).

Step (iv). Uniqueness and measurability of solutions. Suppose v; and v
are solutions of (3.8)-(3.9). Then for ¥ = v; — v we have
o
di,lt} + A(Ul — ’UQ)
= az(fw)v + e~ @*(0:w) (f(t, e 0wy Y — f(t, -, eo‘z(‘gf“)vg))

from which and (3.5) we find that for every T > 0, there exists ¢; > 0 such that for
all t € [r, 7+ T,

d, . ~
117 < e[l

Then the uniqueness and continuity of solutions in initial data in L?(R™) follows
immediately.

Since the solution of problem (3.8)-(3.9) is unique, by (3.49) we see that the
whole sequence (not just a subsequence) v (t,7,w) — v(t,7,w) weakly in L?(R")
for any t > 7 and w € . Because vi(t, T, w) is measurable in w € Q as proved in
[54], we infer that the weak limit v(¢, 7, w) is also measurable in w, which completes
the proof. O

Based on Theorem 3.2, we can define a continuous cocycle for problem (3.1)-
(3.2). Note that if v is a solution of (3.8)-(3.9), then by (3.7) we see that u is a
solution of (3.1)-(3.2) where w is given by

u(t, 7w, ur) = eo‘z(‘gf“)v(t, T, W, Ur)

with u, = e®*(%=“)y_. Define a mapping ® : RT x R x Q x L?(R") — L*(R") such
that for every t € R*, 7 € R, w € Q and u, € L?(R"),

O(t, 1y w,ur) =u(t+7,7,0_rw,ur) = e‘“(e“")v(t +7,7,0_,w,0;), (3.50)
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where v, = e 2@y Tt follows from Theorem 3.2 that ® is a continuous cocycle
in L2(R") over (2, F, P,{0;}ter).The main purpose of this paper is to prove the
existence of attractors of ® in L?(R"). To that end, we recall a family of bounded
nonempty subsets of L2(R"), D = {D(7,w) : 7 € R,w € Q}, is tempered if for every
c>0,7€eRand w € Q,

: ct _
t_l:r_noo e“||D(T +t,0w)|| =0,
where the notation || D|| for a subset D of L?(R") is understood as ||D|| = sup |Ju]|.
ueD

The collection of all tempered families of bounded nonempty subsets of L?(R™) is
denoted D, that is,

D={D={D(r,w): T €R,weQ}: D is tempered in L*(R™)}. (3.51)

In this case, a D-pullback attractor is also called a tempered attractor since D given
by (3.51) contains all tempered families of bounded nonempty subsets of L?(R").
From now on, we assume that for every 7 € R,

0
/ e (lg(s + 7 )I* + [¥1(s + 7, ) | L1 geny ) ds < oo (3.52)

—0o0
When deriving the existence of tempered pullback absorbing sets, we will further
assume that g and 1, are tempered in the sense that for every ¢ > 0,

0
lim ecr/ ™ (llg(s + 7 )% + |1 (s + 7, )| L1 (rn)) ds = 0. (3.53)
r——00 oo

It is clear that (3.52) and (3.53) do not imply that g is bounded in L?(R"™) when
t — oo.

4. Uniform estimates of solutions. In this section, we derive uniform estimates
on the solutions of the non-local fractional stochastic equations in H*(R"™) as well
as the uniform estimates on the tails of solutions for large space and time variables.
The estimates in L?(R™) are given below.

Lemma 4.1. Under conditions (3.3)-(3.5) and (3.52), for every o € R, 7 € R,
weNand D ={D(r,w) : 7 € Rw € Q} € D, there exists T = T(r,w,D,0) >0
such that for allt > T, the solution v of system (3.8)-(3.9) satisfies

o—T

[v(o, 7 —t,0_rw,v,0)||2 + / A(8)|o(s + 7,7 = t,0—rw, Vr—) e oy ds

—t

+28 A(S)e(pﬂ)az(esw) lv(s+ 7,7 —1t,0_,w, vT_t)||’zp(R")ds
—t
< My + M, / A(s)e 2= (Jlg(s + 1)|1” + ¢ (s + 7) | 1 ) ) s,

where A(s) = eiNs—o+m)=2a [T 2Orw)dr — paz(O0-iw)y D(r —t,0_4w) and M,

is a positive number independent of T, w and D.
Proof. The proof is similar to the case of bounded domains as in [54]. For the

reader’s convenience, we here sketch the main idea. First, by (3.3) and (3.18) we
have

d
Gt 0,0 ) 2+ 2A 10l + O, ol + 28e0-2220) [ ojpa

n
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< 2a2(0,w)||v]* + 2e7 ) / g(t, w)vdz + 22O |gby ()| any. (A1)
Note that the Young inequality imlf)qies
2720 [ gt apude < QAo + N Te R0 o),
which along with (4.1) yields
Dot m0, 0 + (1 = 202(0)) ol + X0l
+C(n, s)|[v]%,. + 28e@~Do=(0) / vlde
(4.2)

< ATl 20 g (1)]12 + 262X [y (8] 1 -
Solving (4.2) for ||v||? on the interval (7 —¢, o) by introducing the integrating factor
eiM—2a 3 #(0rw)dr - and then replacing w by 0_,w we obtain

A7 5x(s—o)—2a [®
||v(a,77t,9_7w,vf_t)||2+§/ eiNemo) =2 o2 Or—rw)dr (g 2t 0w, vr_y)||Pds
T—t

4C [ AN OO 5,7 1.0, [
T—1

+25/ e%)\(sfo)f2a I 2(0r—rw)dr ,(p—2)az(fs—rw) ||’U(S, r—t0_,w, v‘l’*t)”’ip(]Rn)ds
T—t

< e%/\(rftfo)fmx ST 2(0p—rw)dr ||'U'rft ”2
g

+4)\_1/ e iMs=0) =20 [ 2(0r—rw)dr o =202(0:—w) | g (5) || 2ds

~

+9 / 6%)\(570)7204 I z(@r,.,.w)dref2ozz(057.,.w) ||1/}1 (S)”Ll(R")d's' (43)
T—1

Since e**(9=w)y_ ;€ D(1 —t,0_;w) with D € D, by (3.6) one can verify that

lim G%A(Tftfa)fmx Jrt z(97.77w)drHvT_tH2 —0. (44)
t—o0
On the other hand, by (3.52) and (3.6) we find that for all o > 7 — ¢,
/0’ 6%)\(570)7204 I z(Gr,Tw)drefﬁxz(esf-,-w) ||g(5)||2d5
T—1
< / e%)\(s—o)—Qafj z(GT_,.w)dre—Zozz(es_,.w)||g(s)||2d8 < 0 (45)
and "
/ e%)\(sfo)f&x I 2(0r—rw)dr ,—202(0 - rw) ”,(/}1 (S) ||L1(Rn)d$
T—1
(4.6)

< / e%/\(s—a)—Qa S z(9r77w)dre—2az(0577w)||¢1(s)||L1(Rn)d3 < 00.
—00
It follows from (4.3)-(4) that there exists T = T(7,w, D,a) > 0 such that for all
t>T,
2 A
|o(o,7 —t,0_rw,vr—¢)]|” + 5/

T—1t

%/\(sfa)f2a IS z(@,.,Tw)olrH,U(s7 -t 977—0.1, U-,—ft)”QdS

o
+C(n, 5) / eAMem) =20 o2 Ormr)dr |y (5 7 — ,0_cw,v,y)|[%. ds
T—t
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+2B/ t e%)\(S—J)—Qa s z(0r_Tw)dre(l’—2)ozz(05—fw) ||U(5, T—10_,w, UT—t)”]zp(]R" ds

)

<1+ 4)\—1/ e%k(s—a)—Qa I z(QT,Tw)dre—Zaz(Gs,Tw)Hg(S)HZdS
—o0

+ 2/ e%)\(sfo)f&xf; z(e,,.,.rw)dref2az(9577w)”d}l(s)”Ll(Rn)d& (47)

After changing of variables, the desired estimates follows from (4.7) immediately.
O

As a consequence of Lemma 4.1, we see that problem (3.8)-(3.9) has a tempered
pullback absorbing set in L?(R").

Corollary 4.2. Under conditions (3.3)-(3.5) and (3.53), for every 7 € R, w € Q
and D = {D(r,w) : 7 € R,w € Q} € D, there exists T = T(r,w,D,a) > 0 such
that the solution v of (3.8)-(3.9) with e®*~)y__ € D(r —t,0_4w) satisfies, for
allt > T,
v(r, T —t,0_rw,v,_4) € B(T,w), (4.8)
where B = {B(1,w) : T € R,w € Q} is given by
B(r,w) = {v € L*R") : ||v||* < R(7,w)},

with R = R(r,w) being a positive number given by

0
R— MlJFMl/ e%Asf2afoﬂ Z<0Tw)dr€72az(95w)(”g(8JrT)HZJr||1/}1(S+T)||L1(Rn))d5.

- (4.9)
Moreover, R = {R(1,w) : 7 € Ryw € Q} is tempered in the sense that for any
c>0,

lim e R(T — t,0_;w) = 0. (4.10)

t—o0

Proof. (4.8) follows from Lemma 4.1 when ¢ = 7, and the convergence of (4.10)
can be proved in the same way as in the case of bounded domains which can be
found in [54]. The details are omitted here. O

Next, we derive uniform estimates of solutions in H*(R™) for which we further
assume that the function 14 in (3.5) belongs to L>° (R, L°°(R™)) and the nonlinearity
f satisfies, for all t,u € R and z,y € R",

[f(t,2,u) = [y, w)| < [¢s(x) = ¢s(y)] (4.11)
where 5 € H*(R").
Lemma 4.3. Under conditions (3.3)-(3.5), (4.11) and (3.52), for every 7 € R,
weN and D ={D(r,w) : 7 € Rw € Q} € D, there exists T =T (1,w,D,a) >0

such that for any t > T, the solution v of problem (3.8)-(3.9) with e®*®—<)y__, €
D(r —t,0_4w) satisfies

lo(r, 7 —¢,0_rw, vr_t)qus(Rn)

0
< Mg—‘ng/ e%)\S*QQfDS z(&,.w)dreanz(Gsw)(l_’_||g(s+7_)”2+”wl(s_’_T)”Ll(Rn))ds,

— 00

where My is a positive number independent of T, w and D.
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Proof. Multiplying (3.8) by (—A)®v, we obtain
d .
—|(=A)2
2 j-a)i

= 20750 (f(t,, €7 O0), (= A)w) + 2670 g (1, ), (~A) )
(4.12)

HH201(=2)"]* + 2(X = az(0ww)) | (=2) F o]

We now estimate the right-hand side of (4.12). For the first term, by (3.5) and
(4.11) we have with C,,s = C(n, s)

Qe—az(atw) (f(t, z, eaz(@tw),u)7 (—A)SU)
_ 267042(9“*1) <(7A)%f(t T eaz(etw)v)7 (7A)§,U>

=, —az(fiw) . az(wa) )
s (f V), He(R™)

= G0 [ [ (f(t, e 0u(a)) = (b5, 2O 0(y))) Bla,y)dady
Rn JRn

= Chs _O‘Z(gt“)/ / flt,x,e” Gt“’)v( ) —f(t,y,eo‘z(et‘“)v(x))> B(z,y)dzdy
Rn ]R"

+ O, e 2 (0w) /]R / f(t,y, eo‘z(et”)v(ac)) — f(t,y7eaz(9“")v(y))> B(z,y)dxdy

e [¥s(2) = ¢ (W)llv(x) — v(y)|
< O et )// 5 |x_ e dxdy
+Cns/ w4ty o(@) —vw)* o

n Rn

|n+25

< Cppem 20 ||¢5||H5<Rn)||v||Hs<Rn) + Cralltall e g 2= 01 o

1 —20z(0rw 1
< icnse 202(6 ”W:&H?{s(u@n) + (5 + |W4||LM(R,L°<>(R”)))Cns||U||§;5(Rn)
1 —20z(0rw 2
< §Cns6 202(6 )||7/15\@15(Rn)+(1+2||¢4HL<>C(R,L°°(R")))||(*A)2”\\27
(4.13)
where
v(x) —v(y)
Bla,y) = 2 "9
(xay) ‘ZL‘ — y‘n+25
For the last term on the right-hand side of (4.12), we have
—az(Oiw s 1 s —20z(0iw
270 (g(t, ), (—A)*v)| < I(=2)" 0] +2¢7 @e|g (1)), (4.14)
It follows from (4.12)-(4.14) that
SIA) Bl (~A) "0l + 208 az(6)) | (~4) ol
dt (4.15)

< erll(~A)Eel? + (2Ag(t)|F + cz) €720,

Givent € RY, 7 € Rand w € Q, let s € (r — 1,7). Multiplying (4.15) by

elo (3A=20z(0:w))ds an( integrating over (s,7), we infer that

H(_A)%U(TvT_tvwvv‘r*t>||2 ef (5)\ 2az(95w))d§H( )21}(877'—7570.},’1}7,0”2
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b [ el ettt (A ol Tt
ST (4.16)
+/ ef:(%A—Zaz(agw))df(2”g(g)||2+02>e—2az(9<w)dgl

Integrating again with respect to s on (7 — 1, 7), we obtain
I(=2)20(r, 7 — t,w,0—)||?

= / el (GA=2020cNde | (_ AYSu(s, 7 — t,w, v, )| ds
7—1

- . i 4.17
+ / efT(ZA—QaZ(Ggw))dfcl||(_A)§,U(g77— — t,w,vT,t)HQdC ( )
T—1

+ / ef:(%A72az(6£w))d§ (2||g(§) ||2+C2)672az(0§w)d<.
T—1

Substituting 6_,w for w, then we deduce from (4.17) that,
I(=A)20(r, 7 — t,0_rw, v ) ||

< / o2 (3A=2020c— )€ || AV (s, 7 — £, 010, vr_y)|[2ds
T7—1

+ / elr (A=2020c- N | A)Su(, T — £, 0_pw, v,—y)||Pds
T—1

+ ef:(%k—Qaz(Og,Tw))dﬁ 2 ¢ 2—|—C e—2az(0§,7-w)d§
| gl +) s

0
< / elo (GA=2020e0)dE | (_AYVS y(s 4 7,7 — £, 0_rw, v,y || Pds

Wl

0
v+ 7,7 —t,0_rw,vr_y)||Pds
1

1
n / i (A=200c))de ¢ || (_ )

0
+ / ef(f(%/\72az(05w))d5(2”g(§ + 7.)||2Jr62)672az(49§w)dg
-1
which along with Lemma 4.1 for ¢ = 7 implies the desired estimates. O

To prove the pullback asymptotic compactness of the cocycle associated with the
problem (3.8)-(3.9) on the unbounded domain R™, we need to derive the uniform
estimates on the tail parts of the solutions for large space variables when time is
large enough.

Lemma 4.4. Suppose that (3.3)-(3.5) and (3.52) hold. Then for everye >0, T € R,
we€Qand D ={D(1,w): 7 € R,w € O} € D, there exists T = T(1,w, D,e,a) > 0,
K = K(1,w,e) > 1 such that for allt > T and k > K, the solution v of problem
(3.8)-(3.9) with e**(O—)y__, € D(T —t,0_,w) satisfies

/ lo(T, 7 —t,0_rw, v, ) (z)2dx < e.
|lz|>k

Proof. Let x(s) =1 — p(s) for all 0 < s < oo where p is the smooth function given
by (3.11). Then we find that 0 < x(s) <1 for all s > 0 and

0, if0<s<i,
X(S):{ Loifs>1 (4.19)
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Note that there exists a positive constant ¢ such that |x/'(s)] < ¢ for all s > 0.
Multiplying (3.8) by X(lxl)v, we obtain

1 1 (Do [ ()
+ [ carox ()

= ¢~ 2(01w) f(t,x,eo‘z(e““) )X < |) vdr + e_“z(‘gt“’)/ g(t,z) x ('i) vdzx
Rn n

For the third term on the left-hand side of (4.20), we have

[ o (' >vd:c——/n(—A)gv (—A)t <X <“Z|) v) dz

LD wia) =y (&) v v(z) —v
e[ [ ( () o) |>;<— ky|)n+<i>)( @),

) _70 . /n /n lx\ y|i+_2:(y))2dacdy
Cln.9) /n /w 7 (%)) (v(@) —v(y))v(y) dndy

‘.T _ y|n+23

g_;(;(n,s> [ LB e,

|z — gyt

Note that the right-hand side of (4.2 ) is controlled by

/ / \ (%)) (v(@) — v(y))v(y)

o= g

C(n,s) dxdy

AN Iyl v —v
< %C’(n,s)/n [v(y)l (/n ‘X ( : ) |);( Z‘JQS (y)|dx) N

Nl

2

EARE W | o(z) — v
. %O(n,S)HUH / (/ ‘X<k) |z(—y|2“+25 (y)ldx) dy

N

U
<

C(n,s)|o] / / () -x (%) dx /<w>—<y>ldx

|x_y|n+2s |z_y‘n+25

(4.22)
We now estimate the first integral in (4.22). Given y € R, for z = ¥ we have

/” ‘x (\r\) — X (i')’zdx _ L/ ‘x(lzl) - X (',Z')rdz

|£L' _ y|n+2s k2s |Z _ %|n+25
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. \x<£+z|>—x(z')\2d£

R e [+
2 N2
Y (e + 20 —x ()] Y (e + 80— x ()] B
= k,25 |£|<1 |£‘n+23 st |£|>1 |§|n+25
2
R X ()1 [1E+ #1171, 4/ L e
= k2s le|<1 |§|n+2$ k2s le]>1 |£‘n+28

c1 1 4 / 1
< 5 T A+ 5t T dé.
L2s /|§|<1 |E]n+2s—2 K25 Jean 172

Since s € (0,1), we see that the above integrals are convergent. Thus we get

/n ‘X(%) _X(Zl)rd < 2 (4.23)

|x7y|n+2s T = k2s’

where ¢z is a positive constant independent of k¥ € N and y € R™ By (4.22)-(4.23)
we get

o / / (5) = x (1)) (v@) = vw)oly) o

|z —y|nt2s

Cln,5)v/@ k|l (/ | Wq'ddy)

< 5000V Kol
which together with (4.21) implies that

_/n(_A) (l |>vdx< ~C(n, $)v/@z k0] 3z (4.24)

For the first term on the right-hand side of (4.20), by (3.3) one has

e—az(etw) f(t,ac,e z(Oiw) ) <| |> vdz

Rn

< 756720&(0“‘})/ |eaz (Ow) | < |> dr + e —2az(fiw) ¢1(t ZL‘) <|i|) dr

< 672a2(9tw) / |¢1 (tyx)b( (|Z> dx
For the second term on the right-hand side of (4.20), one has
, | | —2o¢z(0tw) | | 9
o0 [ giemp () e < S (Y
A | 2
Z d
s Lo () ks

Substituting (4.24)-(4.26) into (4.20), we deduce

iénx<xl)l Pdz + (5 A—?az(@tw))/n (| |>|v i

1
2

<

l\J\F—‘

(4.25)

(4.26)
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< ok~ ol + 272250 [ (B s
2
+X6_2a2(9tW)/ X (|.’13|> |g(t .%‘)‘ dz. (427)

Since s € (0,1) and c¢3 is independent of k, for any given £ > 0, there exists
K; = K1(e) > 1 such that for all kK > K,

ek ™0l Fe mmy < EllollFre (gny- (4.28)
On the other hand, by the definition of x we find that

/ (' ')<|g<t PP+t < [ (gt +n(ea) e (429
n |z|> %k

By (4)—(4.29) we get, for all k > K,

] 3, / [z | 2
= Rnx( |v|? dx—l—(2)\ 20z(0:w)) x| [v|“dz

< vl Fre(gny + caeT20% ) / (lg(t,2)* + |91 (t, z)|)de. (4.30)

1
lz|>5k

Given t € RT, 7 € R and w € Q, multiplying (4) by elo (BA=20z(0rw))dr 54
integrating over (7 —t,7), we get, for all k > K,

/ <| |> lo(r, 7 — t,w,vr—t)|2d$—ef:_t(%k_%z(e*“’) T/ (' |> vr—¢(2)[Pda

-
< 5/ efs(%)\f2a2(9rw»dr||U(S’ _— t’("\)’v'r—t)”%s(Rn)ds

+C4/ / 1A—20z(0,w))dr  —20z (6 "’)(gz(s,x) + |1 (s, z)|)dxds.  (4.31)
|| >3k

Replacing w by 0_,w in (4) we get, for all &k > K,

/ (| ) [o(r, 7 = t,6_7w,vr) | da
T (A 200 / (' |) |vr ()| d

< 5/ efs(§>\—2az(9r7Tw))drHU(S, r—t0_,w, ’U-rft)H?qS(RN)dS

+ C4/ / . )\ 200z(0r— -,—W))d?” —2az(05—rw) (92(8,1‘) + |w1(8,$)|)d1‘d$
|z|>5
: (4.32)
After changing of variables in (4.32), we obtain, for all k > K,

/ (|k|) lo(T, 7 —t,0_,w,v,_¢)|?dx
<€jo t( A—2az(0,w)) ’I"/ <k|) |U7' t( )|2d1,

0
+ 5/ efos(%kf2a2(9rw))dr||,U(8 +7,7— t, 077_“)’ 'U'rft)”%-]s(Rn)ds
—t
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0
ber [ iGNt 200 G2 s ) (s + 7).
—tJ|z|>3k

(4.33)
We now estimate the right-hand side of (4). For the first term, since e®*(®~t“)y,__, €
D(r —t,0_4w) we have

efo_t(%’\_zo‘z(ew))dr/ X (il) [v, () Pdx

< e—%/\t—Za fo_f’ 2(97‘w)d7‘||v7'7t”2 < e—gkt—Qa fo_t z(erw)dre—Qaz(G,tw) ||D(7’ —t, 0_ ||2

tw)
By (3.6) and the fact that D € D we find that the right-hand side of the above

inequality converges to zero as t — 0o, and hence there exists Ty = Ty (1,w, D,¢) > 0
such that for all t > T7,

efo_t(%)‘_mzwrw»dr/ X <£|) o (2)[dz < e. (4.34)

By Lemma 4.1 with 0 = 7, we see that there exists Ty = Ty(7,w, D, &) > Ty such
that for all t > T5,

0
5/ elo GA=202(0r))dr || (s 4 7 7 — £,0_w, vT,t)H%IS(Rn)ds <eR(r,w), (4.35)
—t

where R(7,w) is the number as in (4.9). For the last term in (4), by (3.6) and (3.52)
we find that

/0 / efde(%)\—zaz(e,‘w))dre—Zaz(Gsw)(92(8 + 7, x) =+ |1/J1(3 + 7, x)|) < 00,

oo Jmn

and hence there exists Ko = Ky(7,w,e) > K; such that for all k > Ko,

o O /| |, B o0 s ) (547 ) S (436
It follows frc:n21 (4)-(4.36) that for all k > K5 and t > Ty,

/ lo(T, 7 —t,0_,w,v,_¢)|?dx
|z| >k

k
This completes the proof. O

< / X <x|> lo(r, T —t, G_Tw,vf_t)\zdx <e(2+4 R(1,w)).

5. Existence of random attractors. In this section, we prove the existence and
uniqueness of tempered pullback attractors for the non-local fractional stochastic
equation (3.1)-(3.2). To that end, we need to establish the existence of tempered
random absorbing sets and the pullback asymptotic compactness of the cocycle ®.

Lemma 5.1. Under conditions (3.3)-(3.5) and (3.53), the cocycle ® has a closed
measurable pullback absorbing set K = {K(t,w) : 7 € R,w € Q} € D where for
every T € R and w € Q, the set K(7,w) is defined by

K(r,w)={ue LQ(R") : ||u||2 < (aQO‘Z(“’)R(T,w)}7

where R(7,w) is the same number as in (4.9).
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Proof. First, by (3.6) and (4.10) we see that K € D, that is, for every ¢ > 0,
: —ct _ —
tlgglo e NK(r—t,0_w)| =0.

On the other hand, by (3.7) we get

az(w)’U(T,T —t,0_rw,v,—¢) with w,_; = e (0—1w)yy

(5.1)

Then it follows from Corollary 4.2 that for any D € D and u,_; € D(7 — t,0_,w),
there exists T = T(7,w, D, a) > 0 such that for all t > T

v(r, T —t,0_rw,v,_4) € B(T,w), (5.2)

where B(7,w) is the same set as in (4.8). By (5.1)-(5.2) we find that for all ¢t > T,

w(r, T —t,0_rw,ur—y) =e

u(r, T —t,0_rw,ur—y) € K(1,w),
which along with (3.50) implies that for all ¢ > T,
O(t, 7 —t,0_1w,u,—y) € K(1,w).

This shows that K is a D-pullback absorbing set of ®. It is clear that R(7,w) is
measurable in w € 2, which implies the measurability of K (7,w) in w € Q. O

The uniform estimates of the solutions of problem (3.1)-(3.2) in H*(R™) is given
below.

Lemma 5.2. Under conditions (3.3)-(3.5), (4.11) and (3.52), for every 7 € R, w €
Qand D ={D(r,w): 7 € R,w € Q} € D, there exists T = T(1,w,D,a) > 0 such
that for any t > T, the solution u of problem (3.1)-(3.2) with w,_¢ € D(T —t,0_4w)
satisfies

Hu(Tv T—t,0_;w, u‘rft)”%{S(R“)

0
< Mg—‘ng/ e%)\s—Qafo Z(e*w)dre_zo‘z(gs“’)(l—&-||g(s+7-)||2—|—||w1(s+7-)||L1(Rn))ds,

— 00

where Ms = M2e2**(“) and M, is the positive number as in Lemma /.5.
Proof. This estimate follows from (5.1) and Lemma 4.3 directly. O

Based on Lemma 4.4, one can derive the uniform estimates on the tails of solu-
tions of problem (3.1)-(3.2) as stated below.

Lemma 5.3. Suppose that (3.3)-(3.5) and (3.52) hold. Then for everye >0, T € R,
w€Qand D ={D(1,w): 7 € R,w € O} € D, there exists T = T(1,w, D,e,a) > 0,
K = K(1,w,e) > 1 such that for allt > T and k > K, the solution u of problem
(3.1)-(3.2) with ur_y € D(T —t,0_,w) satisfies

/ |’U,(7', T = ta 0_7-(.«), UT_t)($)|2d$ <e.
|z| >k

Proof. This is an immediate consequence of Lemma 4.4 together with the arguments
of the proof of Lemma 5.1. The details are omitted here. O

The next lemma is concerned with the D-pullback asymptotic compactness of .

Lemma 5.4. Under conditions (3.3)-(3.5), (4.11) and (3.53), for every 7 € R, w €
Qand D ={D(r,w) : 7 € R,w € Q} € D, the sequence P(t,, T —tn,0_1, w,ugn) has
a convergent subsequence in L*(R™) whenever t,, — 0o and ug ., € D(T—tn,0_;, w).
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Proof. By (3.50) we have
(I)(tna T — tn, H,tnw, u(),n) = U(T: T — tn, Q,TUJ, UO,n)a

which along with Lemma 5.3 shows that for every ¢ > 0, 7 € R and w € 2, there
exist K = K(1,w,e) > 1 and Ny = Ny(7,w, D,e) > 1 such that for all n > Ny,

g
[ (tn, T — tn, 01, w, u0,n) || L2 (2] > ) < (5.3)

5
By Lemma 5.2 we find that there exists No = No(7,w, D, €) > N; such that for all
n = No,
”q)(tna T —1n, 927_tnw7 uom)”Hs(\xKK) < L(T’w)v

where L(7,w) is a positive constant. Since s € (0,1), the embedding H*(|z| <
K) <= L?*(|Jz| < K) is compact, which together with (5.3) implies {®(t,,7 —
tny 02, ¢, W, u0,n) 15, has a finite covering in L*(R™) of balls of radii less than e.
As a consequence, we infer that the sequence {®(t,,T — tn, 02, w,ugpn) o>, is
precompact in L?(R™). O

We now present our main result of this paper as follows.

Theorem 5.5. Suppose (3.3)-(3.5), (4.11) and (3.53) hold. Then the cocycle ® of
problem (3.1)-(3.2) has a unique D-pullback attractor A = {A(T,w) : 7 € R, w €
Q} € D in L*(R").

Proof. This is an immediate consequence of Lemmas 5.1,5.4 and Proposition 2.4.
O

Regarding the periodicity of D-pullback attractors, we have the following result.

Theorem 5.6. Let (3.3)-(3.5), (4.11) and (3.53) hold. Assume further that for
each fixed x € R"™ and s € R, the functions f(t,x,s), g(t,x) and ¥1(t,x) are T-
periodic in t € R. Then the D-pullback attractor A of ® is also T-periodic, that is,
AT+ T,w) = A(T,w) for all T € R and w € Q.

Proof. Since f(t,z,s) and g(t,z) are T-periodic in ¢ € R, we find that the cocycle
® is also T-periodic. Since g(t,z) and ¢ (¢, z) are T-periodic in ¢t € R, by Lemma
5.1 we see that the D-pullback absorbing set K is also T-periodic. Then the T-
periodicity of A follows from Proposition 2.5 immediately. O
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